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V1. On the Caleulus of Symbols.
By WiLLiaM Sporriswoopg, M. 4., F.R.S.

Made up of two Memoirs, one received November 4, Read November 21, 1861, the other received
January 21, read January 80, 1862.

IN a paper published in the Philosophical Transactions for 1861, p. 79, Mr. W. H. L.
RusseLL has constructed systems of multiplication and division for functions of non-
commutative symbols, subject to the same laws of combination as those in Professor
BooLE’s memoir “ On a General Method in Analysis,” Philosophical Transactions, 1844.
In this calculus there are four systems of multiplication and division, viz. internal and
external, both (1) when the functions are arranged in powers of g, (2) when in powers
of #, or, as they may be termed, the g-arrangement, and the w-arrangement. In the
paper in question the author has confined himself, so far as division is concerned, to
the case most useful in practice, in which the divisor is linear. And of this he has dis-
cussed in full only the g-arrangement.

§ 1. Internal division of the w-arrangement by a linear factor.

Adopting the same notation as Mr. RUsseLL, I propose here to investigate, in the first
place, the condition that «},(¢)7+s(¢) may be an internal factor of

@n(ﬁ)zm'l' ¢n—1(§)7r R ¢0(?)a
and to determine the quotient. This is partially discussed in pp. 73-75.

Let e% Y=,
then performing the actual divisions, for brevity writing +J for J(e), and ¢ for ¢(),
bt ot u(
Pty
o

Hence the condition that «;(g)#-,(¢) may be an internal factor of ¢,(e)7—+,(e)
will be ‘

a)=2@OP=0. . . . ... (1)
02

[
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Again,

Y+ '4/0) o7+, 7+ 0, (fﬁ 74 <¢1_¢2 *I"I\t"—l%)%;

@y’ + @2 7"+§D2 7’+‘P2

¢‘+¢o> Ty,
(@1 W, 7+, @2@

B ¢\+¢0> —p, ity
(@1 ¢2 \"'1 7r+ <¢l ¢2 '4’1 \1’1

N !

1

Hence the condition that «J,(¢)@ -4 ,(¢) may be an intefnal factor of @,(e)7*+@,(e)7+@o(e)

will be
AC -G

Before proceeding further, we may remark that the remainder, after internally dividing
oo()7+ u(0)7+ i(e) 7+ 0u(e) by du(e)m+Lo(e), can differ from that last above found
only in respect of the remainder arising from the division of ¢,(¢)#* by the factor in
question ; hence we have now only to divide the term @y(¢)7* by ,(e)7+o(e), and add
the remainder so found to (2.), in order to have the condition required for the third

%(6) —

degree. Proceeding to the division, writing = i—", and omitting for the present ¢,, which,
1

since the division is internal, can be replaced as an external factor in the remainder, we
have
7 x)7 (7 —x7m 1 —2x
2y 20 T4 %"
— 7t =20 T
— YT =T =%
O =2)m+xd —%"
(¢ =25 )7 +%"— 200
—x’+ 30— %"

Hence the condition that J,(¢)7+(¢) may be an internal factor of y(¢)a*+,(e)r*
+0,(e)7+o4(e) will be

w050 400 (410) = () -0 () 2304 + () =0

the identity of which with Mr. RusseLL’S condition, glven in p. 75 of his paper, I have
verified.
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For the fourth degree,

7x)7 (7 —xm*+ (¢ — 3% )7 — (¢’ —5xx +3x")
e SV s BV S B AT = S A
—x 7 — By 7 — 8y 7 — x‘“
— %7 =7 — 20 T — XX
(¢ —3x)7+(2x6 — 3% )7+ (e —x")
(5 —3x )7 +(0*— 3y )m + ("% — 3%*)
— (=500 +3 Jr =+ 3 00 =%
— (=0 + 8" )m— ' +5%"% — 3>cx
% =60 — 4"+ 36 —x%"

and
1! =630 — 4 + 30— 1" = — 2=+ 306 =)+ (= + 30 —x )5
or if R,, R,, .. be the remainders of #(#+x)~", #*(z+x)~", .., we have

R2=_XR1+R‘n
R,= '—XR2+R‘2,
R,=—3R,+R).

And generally, if

7 (7+x)"'= Q+ Rz+x)7

7 (7 +) " =7Q 7R (7 +0) 7
the remainder of which must be contained in the last term. Performing the actual
division, and remembering that #R,=R,z+R,,

7+x)R.7+Ry(R,
R.7z+R,x
— xR+ R,

then

Hence we have generally,
Rn+l = XRn_I_R\m

and consequently, remembering that R,=1, we have the condition that «J,(¢)7-yy(e)
may be an internal factor of ¢,(¢)7"+¢, ()74 . . (e),

e R+2.R A+ 0(@R=0, . . . . .. (4)

4’0(?) 4’0(9)
Rin=— (g)R+ deR ( )R

The law of the quotients is best seen by actual division. In case of ¢,#°+¢,74 @,
given above, the quotient may be written

where
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,1,_1X @, ?s

0 1 oL .. ... (5)
1 —g@itd) | 1

For the case of a cubic function of =,

brtdJeateatemt oo g+ (e ) fat (p—, Him "’""’0 o, 2 3‘”"""“5,‘; bt =20

o420, Vim0, 1 7, om0, ¢° 7, I
— 2’1’1 +‘l’ 2 . 4’1 + "’ (o — \kg
‘((Pa (N _*r] 0>7" + (@1 ?s v )7"+ (@0 ®s '4’1)
20 ey (o 2o B exblwo) Yo < o0+ ) %
<¢2 ¢ \l’ 0) + (@2 3 \l’l ()) W+ (@2 \Ifl + 3 \Ifl 10 \!Jl

¥,
(%-—@ {1+ O-HD 24" + 3yl + Yo — by — ~\IJ1%)W+ <¢ 2, ¥ +0, 291y +dgbo — \pl\l’o)'
‘1’1 ; "IJ ¢1
The quotient of which may be written
1
X P 2 Ps
0 0 1 7w
0o 1 —5- 24+ ) = | (6)

Witde . W
VK NS NAREA

1 @) 3

Similarly, if the division be performed in the case of the quartic function, we shall
find for the quotient of (¢ 740,74+ @.7°+ 0.7 +0,) (V7w +b,) 7,

uXl e P 2 P
0 0 0 Lo o
o 0 1 —3- (3% +4) o
0 1 — 3 4+ 1L A = | (1)
B +39, 2,
1 o—g (i) @20+ b b | =gt % 0 ] 1

i3 2hitde
V3 it it

24 ek
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And likewise in general the quotient of (@, 7"+, 7" '4.. @) (Y7 4,)™" will be
represented by a square table giving for the coefficient of ¢, '

(rg=x) T B -0
D 45 o4+ b . 0 )

=1 o . ' '
YT WY L G

Y 2. External division of the =-arrangement by a linear factor.
I next investigate the condition that ,(¢)z -4(¢) may be an external factor of
(&)™ Pur()7" 7 - - 2ufe)-

Performing the actual divisions, we have in the case of n=1,

«lzxw+¢o)¢lw+¢o<§—-’l
X2 V2 (%y‘l"xbo%
o= (§) =gt

or, as the remainder may be more conveniently written,

¢1+¢1¢"’°..........(1.)

Again, in the case of n=2,

«Llw+¢o>¢ﬁ+¢ﬂr+¢o (f—fvr +¢ll{¢l—¢;+¢z ‘,’,: "’°}
o'+ (§2) b i
{o—t(§) —tuffo+en

or, transforming the remainder as in the former case, and continuing the division,

{¢1—¢;+¢2 ""‘;l "’“}w+¢o
{¢1—¢‘2+¢2 "’\‘;l ¢°}w+«la1[¢ll{¢l—¢;+¢>; ""‘\p AL }] +:H — @+, ‘%—‘”-
ARy R A )
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which also may be transformed as follows :—
\ W \ "1'\1""4’ r(‘!’;“‘po)z ( \1—'4’0>‘}
4t 1""2 ° 2 -_ . e e . 2.
Pt H(0i—200) ==+ (5 7. (2)
A similar proceSs of division will be found, in the case of n= 3, to lead to the follow-

ing remainder :—

—p+p— “‘+(¢1—2¢2+3¢“)‘V %+(¢2 3%){( %) (%;%)‘H

(-G

If ¥,, ¥, .. represent the «-functions, coefficients of the ¢s in this expression, the
law of their formation will be found to be as follows :—
‘I"l'—"l’o
4
Wz =—\Pf_xP‘\u
Y, =¥ ¥,—¥,

(3)

¥, =

And generally we may write
Y=Y ¥ -¥.

And if R,, R,, .. represent the remainders in the cases of n=1, n=2, .. respectively,

we have
Ri=¢,—0¢\+0, ¥

R2=¢0_¢;+¢;+(¢1—2¢‘2)T +¢2 29

R3=§Do_¢\1+¢\2\ ‘“+((P1"‘2¢2+3 )T1+’(¢2_3¢‘3)T2+¢3W35
R'2=R +¢‘.‘ 2¢‘2Tl+¢2qf27
R,=R,—0i' 43¢, ¥,— 30,¥,+0,¥,

whence

With a view to forming the expression for R,, let the symbol ((1)) affixed to R; signify

that in the expression for R, the suffixes of the ¢s have all been increased by unity.
Then, by the principle of division,

Ror o=t 5 Ba(}) | 2R
—sm () )
— gy (R L — _|_’% I, n(n 1)%”—2)\1:24_ ) (0)
4, (R _,écpf,">?l-¥¢£,”“>‘1’x—‘@fal“)w'”%"‘ +)(o)

oo (R ¥R, ) (o) +000—" 102,
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and in this expression

(v ) ()=

while the general term of the g-series, . e. the coefficient of ¢%;”, will be

Yoelmn—r+1).  nn—1)..(n—7) nn—1)..(n—r+1)
(=)~ { 12 . ¥— 1.2..(r+1) o — 1.2..r \leyr}

1 - +1 \

_( )r 1. 2( o - ){\F W?*—mqf’,_*_l}
(n+1 n(n—-l) (n—r+1)

—( ) (7-+1) Trﬂa

which proves the general case; so that generally

R, =Rtorp T omwr tremer @)

the upper or lower sign being taken according as (n+-1) is even or odd; where R,,, is

the remainder after external division Bora(e)m " @, (e)7"+ .. @0 by di(e)m+u(e)-
For the quotients Q,, Q,, .. we have immediately

1
Ql=\71'q§n

dtlor s}
amtlersn (i)}

amfor s ()7 ()

This completes the solution of the problem of division by a linear factor, both
internal and external.

§ 8. To divide 5,25 ¢,7" internally by =25 ,7"
The first term in the quotient will obviously be

M
and the product of this into the divisor may, by means of LEIBNIT#’S theorem, be written
thus: '

%zﬁ:‘:‘M[N—M, Pl SpE@ Mmoo (2)

where J&~M-? means the result of the operation #V~"~* or +},, alone, and

_ _ (N=M)(N—M~—1)..(N=M—p+1),
[N—M, p]= 1.2..p

MDCCCLXII. P
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Then the remainder after subtraction from the dividend may be written thus:
m =IN— 1 = m=M — m
2m:§=1: l{‘pmw'—@-M Eﬁ_f e 2o ‘PN[N'—M P]\P(N M p)} oo, L L (3)

since the coefficient of #~ vanishes. With a view to the second term in the dividend,
the first term of the remainder (3.) is

{oxa—g; m2™ S IN— M, R wlee, @)

in which the limits of » and m are subject to the further condition p+m=N—1. The
terms under the sign of summation will be evaluated hereafter. Putting the expression

=07, . . . .o (5)

and, for the sake of symmetry,
’ ¢N= (I)09 . . . . . . . . . . . . o (6.)

the first and second terms in the quotient will be Do M and gr““““, respectively;
Y U

and, in the same manner as (2.), the product of the second term of the quotient into
the divisor may be written thus,

DI N M1, pE e, L (T)

and the remainder thus:

= - \
S ey ST SRRMN-M,p] fame
(8)
__2"‘+1’1"N—2{ 1 Ep::(l"’—m 1 Z:&I)W(DIEN_M“:L p‘]xLSnN—Mnm—l)}ﬂ_m+m_

mAp=0 du

But since, when p,=N—M, [N—M—1, p,]=0, we may, without altering the value of
(8.), change the superior limit of p, from N—M—1, to N—M; and by this means we
may write the remainder (8.) in the following form: '

'm+ p=0 \I’m 'p=0 'm =0

Similarly, calling the first term of (9.) ®,#~-2, the third term in the quotient will be
@,

M
32520y — g BRI OIN =M, R 4 N M, g
+O[N—M—2, plyr-2) faner

}:m+PiN‘2{<pm+p——l— SPENM =M TN M, pl &P B [N—M—1, p]\L(N‘M""I))} e, (9.)

#NM-2 and the corresponding remainder

][(10. )

and so generally the (7-41)th term in the quotient will be f—fﬁ a#N~M-7 where
M

P, =pnr—g- L spN-Mgmedse=rigy IN— Mg, p]0Y770, . . . . (11)

p=0 =0
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and the (r+1)th remainder
S Oy — S SISO [N— Mg, p QW0 amer, . (12)
The final remainder is the (N—M+-1)th ; and the expression will be derived from (10.)
by replacing » by N—M. ' )
It remains to develope the terms under the sign of summation in the expressions for

the ®@s. In the first place ®,=@y simply. In the case of ®,, the limiting values of p

and m are
p=0,1,.. N—M,

m=0,1,.. M,
p +m=N-1.
These give as the only admissible values
p=N-M , N—-M-1,

_ m= M-I, M
and consequently

) \
(I)1=‘PN—1—\T;{4’M—1+(N—M)HLM}-
In the case of @,, the only admissible values are
p=N-M , N—-M-1, N—-M-2,

m=  M-=2, M-1, M |,
giving

(I)2=‘PN—2_\IIJ—M{(D0 (‘l’M—z+(N—M)ﬁLM-I'F(N—M)(llTIQ—M— . 1“\{)

+O,( Yok (N=M=1) )}

Before proceeding further, it may be well to illustrate these formulz by an example.
Taking the case of N=4, M=3, we may determine the quotient and last remainder
of internal division of

0de)7" +0, (€)7°+ 0. ()7 + 0. ()7 + 04 (¢)
Yo(@)7* +da(e)7*+d(e)m+du(e),

and thence the conditions that the latter may be an internal factor of the former.
By the formulz given above, we have
D=0,
¢1=¢3~%{'¢1+2¢‘2}7

by

1 \ A\ ‘ \
V=t {elht 2t (p - (240 ) ()
which will determine the quotient

1
% (D7 4+ D7+ D).
P2
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The last remainder is

3252y SISO [N Mg, p S

whence for
m=+p=1, i.e. p=0, m=1, or p=1, m=0,
we have
g=0 g=1 =2

p=0, [2, 0]=1, 1, 0]=1, [0, 0]=1,

p=1, (2, 11=2, 1, 1]=1, [0, 1]=0.
Hence for m=1 the above expression gives

o \1\+CI)1'4/1+CD2\!’19
and for m=0 it gives
20,0+ P,

Again, for m+p=0, ¢. e. p=0, m=0, we have
Poby + Pyt D,

Hence the total remainder is

{om g @ OH+OY 200 0 b+ {6~ (@R 0.0

It may be useful to compare these results with the actual division, in the above
example.
)
i) 0+ 0+ oL o4 ((rt P+ g
¢5473'4+2(P4¢, 7"'6‘|"q34,’~1'2 ?

+ ¢>4¢,‘ 3+2¢4¢’ e o

+<P4 7I'2+2<P4 t‘p‘ 7"+¢4 ‘\1’:9

i (9= P20 )+ (0= S+ 20) )+ (00— 0)

D+ i\z 2 ]
+(D1% 74 1$ ¢

Yo
,, FO@TE By

f l \\ \ \ \\ \
q)zT"?'l‘ {‘pl —@; q)o(\px,‘i‘ 2‘1’0)—';;,_; q)l(‘pl +‘~’/o)}7"+ {‘po_@; (Do 0 '"%;(Pl‘x’o}

D7 +@l"‘ (1)2‘1/17" ’ + = CI)2'4/0
1
{¢l _% (Do("/ +2'4’o) _ 1(\1’1 +‘z’o) q, 2\1’1}7""" { 1'4/0 2"/0},

which agrees with the result before found.
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Returning to the ® functions, and writing for convenience the symbolical expression

ST S IN=M—r, p P =S [N=M—r, pJdoM7*77,

p+m=N=—s,
where the suffix s indicates the number of units whereby the sum p-+m is less than N,
we have
D, = Py

"PM(I)Iz "PMq}N-—l—Sx(Do[N_Ma _p]"'t’grlj_M—p)
= (pN—-ISl[N—M’ P]\T/g’"M"m

(13.)
Pw ‘!/M s
VP, = YaOn_s—S(P[N—M, pl¥F 7 4@, [N—M—1, pJy—-r-Y)
= ViPno— DS, [N—M, p =2 —Q,SQEN;M_ljp]\pg—nz—p—!)
= @xa SIN=M—I gy SIN=M, plyir==r
Oxor SIN=M—1, py@-u-r-v  SIN—M, pRa—"= | . . . (14)

On 0 S N—=M, pJyi—2-»;
and generally,
YD=(ox, S, [NmMordl, pla-rren 8, [N=M—1, pH@&-2-r-0 [N M, plya-»-»
Guorin S N M—rop 1, g S [N = M—1, &= S [N—M, pJyir-4-»

(15.)
Px 0 o 0 S[N—M, py-u-»,
These formule give, for the example discussed above,
Q= ¢,
L0 =] ¢ di+2d \
e, ¥,

‘l/zq)z'—: . 1'1’1""\[/‘21 \po+2\V1+ '4/\2\
@5 Y, U+24,
¢, 0 Yo

And for the final remainder, the coefficient of #, -

40— QR OGN g )= 6 b b 2t W
Do b G ek

@0 b b2,

¢ 0 0 Ya,
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and the terms independent of ==

go__l,(po\s\(pl:)q)zo | ¢ W % o |
Hlo—g, @+ 4] g b Gl U2+ |
¢ 0 £2 Vi+2¢9; ;
¢ 0 0 o2
both of which may be comprised under the single formula
7 ¢ Y b o
Lo 4 bt 24+
0 ¢ s Vil 24+ 4
0 ¢ 0 2 ‘p1+2’~p2
0 ¢ 0 0 Yy

§ 4. To divide =.20¢," ewternally by ZnZoV,z".
The first term in the quotient will be

‘P:ITN—M,.............(L)
the product of this into the divisor
DV e [m,p]( ) TN (2.)
and the remainder
S0 @ — S ) W 2z m, p]( ) p)wN‘M*"; e (8)

the first term of which is

{% =302 [m, M—1] <¢N>‘“‘M*”}7{N_.l

={¢N_—¢M < ) M¢M< )} _ J Coe e (4

Let o=, and let the coefficient of #¥~! above written =@, ; then the next term in
the quotient will be \E—; #"~M-1 and the product of this into the divisor will take the

same form as (2.), writing only @, for @, or ¢y. The remainder will be the same as
(3.), with the addition of the term
—p

S m‘._[m,p]( ) A (5)

and the first term of the entire remainder will be

{cpN ;=3 ,,.[[m,M—2]<‘I’°)‘”"M“) [m, M~ 13(%)‘“‘M+"]}WN~2‘
={¢’N s—Va- 2< ) —(M— 1)’%/:-( )“"‘MM 1)4"\4(%)“ e . (6.)
@ @




—
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and if we make this expression =®,7"~% the next remainder will be

111

sz STl (32) Tk (3) ek ()T e ()

the first term of which is

e i UL N ol

={¢N_ — 3( ) (M— 2)%_2(‘1’ )‘_..(__:_ll}‘_f___%l%_ (%)“ MMo)M—2)
= (@) o (@) - MR,
- Y (32) = Mibyy
and generally the (7+1)th term in the quotient will be
P,

and the (r41)th remainder
- (m—p)
2::})\’@”51 2:;3{ mzp_'m[‘1 ! Zt ]z <(D ) ! 7 N—M+p—eq‘

The formation of the ®s is as follows :—
q)o=¢N9

O, =0y, — 20 Yn [m, M 1]<¢M )(m,-mn,

D, =Py_,—Zmcy ,,,{[m, M“”(«TJ« )‘”‘"M*" +[m, M—2] (\_%: )(m—M+2)}’

Dy =py_s— ;';:.,M«l«m{[m, 1]<% )(m—MH)_}_[m, M—2](% >(m——M+2)
+[m, M—S](ﬁl)(m M“‘)},

_p\ (r—M+D) g (= M+2)
D, =0py_,— ::oM m{[m’ M-1]< ‘;M) +[m’ 2]( In )

(%) om0 (%5) )

The final remainder is given by the formula

= = = (m—p)
= (LY O = ) NACER
and the general term of this #¥~* is to be found as follows:

N—M+4p—g=N-—s,

1. e.
p-—-g:M——S

L .

(9)

(10.)

. (1)

+(8.)
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Then we have for

p=M, q=s,
2::::—2{ m[m, M ]< %« )(M—M) =(I)s;

p=M—1, g=s—1,

sz, M=1]( 52 ) = () e ()
p=M—2, g=5—2,

sz, M=2]( 522 )T () =Dt () (55
p=1, g=s—M+1;

sl w1 J(T) T () D (M) (T

p=0, g=s—M,
sl om0 1(52)7 =u(B2) " e (52) ()

the sum of all which will be found, on reference to the expressions for the formation
of the ®s, to be equal to the first term of ®,, viz. ¢y_,; and consequently the coeffi-
cient of #¥~* vanishes for all values of s not exceeding the greatest value of g, viz. N—M.
If, however, s is greater than N—M, by any number ¢, so that s=N—M-#, then the
pairs of values

p=M, q=s,

p=M-—1, g=s—1,

p=M—t+1, g=s—t+1
are inadmissible, and the pairs ‘
p=M—t, qg=s—1,

p=M—t-1, g¢=s—1t—-1,

p=0, g=s—M
alone remain ; and consequently the coefficients of the powers of #, for s>N—M, do

not vanish, and the remainder consists of a series of terms, the index of the highest

power of # being
N—M+4p—¢g=N—s=N—-N4+M—-1=M-1,
as it should be. :

As an example, we may calculate by means of the formule given above, the final
remainder in the external division of

o(e)7 + 0:(e)7° + P.(e)7*+ u(e)7+ Pule)

):

L (12.)
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by

viz.

() o)+l hle),
(m—p)
Sitipar =32 327 3, ) (B2) e
The conditions
p=2, g=0 give D7
p=2, ¢=1 — P7°

o
o

p=0, g=2 ——

(#2) + ()}
s
o e 3 )
e et o3 (10
p=0, g=1 —{ 4(5) () +0(3) =
{o(e

Hence taking the sum of all the terms, the coefficients of #*, #°, #* vanish, and the
final remainder is

- (8 5 ()02 (3 83 v (2 () (3.

These results may be compared with the actual division,

)
¢27r2+\t/17r+%> pr'tor’tom +om -+, (%r"’+%r+:,,f
(D" (D,
o+ 2y, (\IT:) Y, <11§

|
ORON
|

™

oo e (3o 3) -

D+ w(

)}wﬂ+¢.w+¢o
Jrs (3
2

r(3)-

e @

v

2

0

15

MDCCCLXII.
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RIS

D,7° +2%( ) o

P

+ 0(3) w+u(32)
. (I)2
%

40

o+ () () ()}

which agrees with the results found above.

§ 5. To divide =,2,¢",(x) internally by Sn=ye™y,(w).

The first term of the quotient will be

N—M ¢N('”"'M)
& YuE—M) -

and the product of this into the divisor,

S e O(r— Mo,

The first term of the remainder will then be

N {%-1(7’) \&M;l_(wl)) ﬁDN(""—l)} eN—l"I’M("r_]-)

On- 1(7") Yur— 1(‘7")

and consequently the second term in the quotient will be

(r—M
(= M) — 22T o — M 1)} Ty
1
= =M= =1) | P =M) (7= M)
On(r—M—1) Yp(#—M—1)

The first term of the second remainder will then be

$f )= g =gy | Ovai(r—1) Y5 —1)
on(7—2) Ay (7—2).

=§N-2 e 1)1‘1/1\1(7"—2) o3 2(7;-) \!/M l('71‘) 0 .
Puaa(7—1) YIn(z—1) Yys(7—1)
Px(7—2) 0 Yu(7—2) |

ox(m—1) Yu(x—1),

(1.)

(2.

(3)

(4)

(5)
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And it is not difficult to see thét the first term of the 7th remainder will be

N-—7r 1

¢ ‘I’M(W‘—l)\IIM(W—-Q).,\!/M(ﬂ--—-r) CPN_,.(‘Z') 'J’M-l(ﬂ') .. 0
Onrir(m=1) Ay (7=1) .. 0 (6)
ox(m—T) 0 .. Yu(r—r),

in which determinant every column after the first consists of only two terms, viz.
Ynu_(7m—s) and Yy(r—s—1). Hence also the (r+1)th term of the quotient will be

N-M-—r 1 $

E T =My —M—=1). e —M=7) | Pxo{m=M) () .. O
Sxrm(F—M—D)du(r=1).. 0 |,

‘pN(W—r) 0 . \pm(ﬂ'—?). i v
As to the other terms, than the first, of the various remainders. In the first

remainder, the first term of which is given by (8.), the (s41)th term will be found by
making n=N—s, m=M —s, in the expression

= 0? ¢n(T) E:—M N-— M+m\b (jing:[)+m @N(qr M+m),
which gives

AR IO = ENCE)!
=" | Fe®) V()
On(r—s)  Yy(w—3s).

Hence the entire first remainder may be expressed thus:

On—o(7)  Yaro(7)
on(7—3) Yy(7—s).

Similarly, the general expression for the second remainder is

EsM

e "
§=0 "I’M(""_s

(8.)

sn=N-14 =M N_Mim—1 ()
3,20 E0(7) =2, N Un(r —M+m)¥y(m —M +m—1)

Ona(T—M+m) Yy ((7—M+m) |
On(F—MAm—1) Uy (7—M+m—1),

which may be transformed thus:
n=N—s, m:-M—s,

s M Nes—1 ’J’M—-s(")

2,00 {¢N'S‘I(W)—¢M(7r—s)t[;M(ﬂ'-—s—

Pn-— 1(7"—3) Yar (7""'3)
On(r—s—1) \PM(W—S—l)

=M N ! Ox—aa(7 ) (e ) O
€ \I»'M(W-S)"l’M('n‘—S— 1) On_, (7;'—3 ) ‘;’M (7—3) \PM_,(W—S ) (9)
Pn (‘7"—3_1) 0 ‘ \’/M (‘7!’—-8—1).

Q2
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And generally the expression for the #th remainder may be written

1

SIS =) st | Px-an(®)  da(m) 0
Prntir (7—35) Yyu(7—s) .. Va1 (7 —3)
On(r—s—1t+1) 0 o U(m—s—t+1).
The last remainder is the (N—M+-1)th. Then
t=N—-M-1,
N—s—{4+1=N—-s—N+M—-1+4+1= M—s
N—¢41=N —N+M-1+4+1=M
M—¢{+1=M —N4+M-1+41=2M-—N,
and the remainder in question
s=M M- 1 -
=2, EM d/M(w—s)\lrM(w—s——l)..¢M(W—$—N+M) (11)
X ‘PM—s(”') \!/M—s(”') 0
Pu(7—3) Yu(r—s) .. \1’2M—N(7"3)
Pn(r—s—N+M) 0 . Yy(m—s—N4+M), |

in which the coefficient of ¢™ vanishes, as it should. The last term, viz. that independent

of g,
1

“UnE—My@E—M—1)..dy(r—N)
Xi (PO(T) "/0(7") .. 0

Oulm—=M) Yalr—M) . dyon(r—M

@N(T—N) O .o \I/DI(T'_N);
and if N=1, the result agrees with that given by Mr. RussELL*.

(12.)

§ 6. To divide =,23¢"¢,(x) externally by Sn=s'e™y, ().

The first term of the quotient will be

N-m__ Px(®)
¢ IuE+rN-M)
The first remainder

1= ) m= —M+m mﬂ'+N~—M
S e e - E NG

Yu—s(7+ N—M)

—_ =M N

=3¢ {%_s(ﬂ—m Ox(7) },

* Philosophical Transactions, vol. cli. p. 72,

(1)

(2.)

(10.)
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the first term of which is
_ Yy—i(r+N—-M)
o (M) = iR, o),

whence the second term of the quotient will be

1 Yaos(m+ N =M) 1
¢M(w+N—M~1){¢“-1(”)_m %(”)} ]

[ .. (3)

J

N—-M-—1

¢

Mo 1
=¢ Y@+ N=M 1)y (z+ N—M)

‘pN——l(ﬂ') \!JM l7"+N'—M)
on (7) Yy (74+N-—-M).

Similarly, the second remainder will be

o~ M N Yur+N=M—1) | ]
n=1: gCP,,(ﬂ') Em—gmf . Ialm+ N—M—=1){y(r+N—M) Pn-i(7) \I/M—-x(”"'l‘N—‘M)
ox(7) A (7+N—-M)
=M N1 Yr—s(r + N—M—1 ‘ : |
—'Es_MN L¢N"“(W)_¢M(r+l\\TI—-(M—l)th(w+l)\T—M) Pni(T) \pM—l(7+N_M)§ 4
on(m)  Uu(mtN—M) | (%)
S=M N—s—1 1 . 1
= e A N M= 1)t N M) | O3-omi(7) (7 N—M—1) 0 |
Onay (7)) Y (FAHN—M—1)y_(74+N-M)
ox (7 0 Yu (7+N-—M)|
The ¢th remainder
ES“M N—s—t+1 1 ]
TSe=0f Inm+ N=M—i+1)Iy(m+ N—M—i+2) .. Iy(m+ N — M) !
X| Oxcomii(®) Va7 N=M—t+1) .. 0 o
| Ovcin(®)  Yn(mAN=M—t+1) . by N=M) | - - - (®)
Ox(7) 0 . Yu(z+N—M); ]
and the last remainder, viz. the (N —M--1)th,
s=M M— 1
=3V D) UG ENSM) e e e (6)

X|Ou_o(7) Yu_o(7) .. 0
() Yu(7) .. Yoy n(z#+N—-M)|

¢N(‘7r) 0 2. \’JM('?I-I—N-—M).
In the case considered by Mr. RussELL, viz. M=1, (6.) gives only the single term
WENEFL) T EN=1)}7] 6(x)  U(m) .. 0

o(m) W@ .. 0

Gva(®) 0 .. U(mAN—1)
ex(7) 0 .. ‘PI(W""N“‘I),
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and in this the coefficient of ¢,(7) is (—)'X

() 0o .. 0 0
U(7) Y(7m+1) .. 0 0

0 0 .. Y(rt+i—1) 0o .. 0 | 0

0 0 .. 0 (747) .. 0 0

0 0o .. 0 0 .. Y@@+N=2) Y(z4+N-1)
0 0 .. 0 0o .. 0 Y(7+N-1)

=Y (7)(74+1) .. Y(7+i—=1)(747) . . Y (7+N =20, (#4+N—-1);
whence the whole expression

i=N i YoM d(m+1) .. Yy(m +-i—1)
=25 () g g 1) b i1

which agrees with the result given in the Philosophical Transactions, vol. cli. p. 73.
In the particular case of N=4, M=2, the final remainder in internal division is

1
6‘1’2(7’— 1)y (7 —2) Py (v —3) ¢’1(%’) ‘1/1(7’) 0 0

@y(7—1) 74’2(‘7’_1) \f/l(w—l) ’1’0(‘7’_1)
@y(7—2) 0 Yo7 —2) Y(7—2)
¢4('7r—3) 0 0 \1/2(7—3)

1
R ey e oS ) B 2 ) 0 0

0y(7—=2) Yy(7—2) Y(7—2) Yy(7—2)
@s(7—3) 0 Yo(7—3) Y (7—3)
G (7—4) 0 0 Yy(7—4);

and in external division it is

§ Do(m) s -I} DWy(m +2) ¢(7)  (w) 0 0

0u(m) Wo(m) Y(m+1) Y(r+2)
o) 0 U(rtl) d(r+2)
) O 0 Yy(r+2)

1
T4, e+ )3, 1 9) @)  Yo(7) 0 0

0u(m) Yu(m) Y(m+1) U(r+2)
¢(7) 0 Y(z+1) Y(z+1)
@y(7) 0 0 Yy(7).
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The expressions (10.) for the formation of the ®s admit of further development thus:
D, =Py

¢1=‘PN_;—M\’/M<%)‘—\’/M_,<%>
P,=Py_g— M(M 1)¢M(¢N> —(M—1)bu (_> ""”M—e(%)
oo (5 o005 ()5

e (B )i (52) () ~9e-(5)
= (5 ) FOr D (5 ) {2 (32) e (52) }(52)

M ¢M<¢N—- ) _ Y (¢N_ )

+ P23
or writing, by analogy to the ®s,

\F0=‘!’M~1
—W1=¢M-2~M¢M<%) ."""\’/M—l (gﬁ) ’

the expression for @, becomes

@2_(M+1)M¢M<%_ )“+(M+1)W0(§§I)‘+Wl(—¢—§)
() - ()

+ (%)

And so likewise writing

'S

o=y s— M(M—l)\PM( ) "'(M—l)\PM—x \%,ﬁ) -\l’M—z(:%oz)
Me(2) = ()
it will be found that
D, D,

D=y, L ‘;12)(31\{[ — 2)"’M(

)m MM\PM_l (CI)O) \__(M 2)%&—2(

) 4 (s1)

<
= lo

— MO () - (M"”"M-'(@‘) - hew)
_ Myu(2) — e (3



120 MR. W. SPOTTISWOODE ON THE CALCULUS OF SYMBOLS.

=_(‘\4+21) 31;1)M¢M< )“‘ (M+21).(E\1+ Dy, (wM > —(M+2)¥, (be )_\H(%;_I)
+ 0 MENLGE) + oow(B) (B
S el )
+ (%2

But the law of the expressions in the first form having been established above, it is
unnecessary to pursue these latter formule further.




